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Abstract
The maximum cut problem is proved to be polynomial time solvable on line graphs, while it
is proved to be NP-hard on the related class of total graphs. ? 1999 Elsevier Science B.V. All
rights reserved.
1. Introduction
If P is a partition of the vertex set of G = (V; E) into V1 and V2, then denote by
CE(P) the set of edges with one end in V1 and the other in V2. Denote by (P) the
size of the cut associated with P, i.e., (P) = jCE(P)j. The maximum cut problem
(MAX CUT) consists of nding a partition P which maximizes the cut value (P).
We denote by mc(G) the size of a maximum cut of G.
The maximum cut problem is for long known to be NP-hard [4], however, poly-
nomial algorithms are known for some special classes of graphs, for instance, planar
graphs [6], graphs without long cycles [5], graphs not contractible to K5 [2], cographs
[3], etc (see also the survey [7]). MAX CUT, however, remains NP-hard on split
graphs and complements of bipartite graphs [3]. This paper proves that MAX CUT is
polynomial time solvable on the class of line graphs and is NP-hard on the related
class of total graphs. The former result is already known [1], but our presentation is
extremely short and simple, and also the ideas used for the algorithm are used to prove
the hardness result on total graphs, hence we have decided to include the section on
line graphs. The proof of the latter result on total graphs uses the (not surprising) result
that MAX CUT remains NP-hard on Eulerian graphs, which is proved in Lemma 5.
If G = (V; E), then let E0 = f(e; v): e 2 E; v 2 V and v is incident with eg, and
let E00 = f(e; f): e and f are adjacent edges of Eg. Recall that the line graph of G,
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denoted L(G), is dened as L(G) = (E; E00) and the total graph of G, denoted T (G),
is dened as T (G) = (V [ E; E [ E0 [ E00).
2. MAX CUT on line graphs
This section proves that MAX CUT is eciently solvable on the class of line graphs.
We shall use ideas of this section to prove a hardness result for total graphs in the
next section.
Lemma 1. Let G = (V; E) be a graph and let C1; C2; : : : ; Ck be pairwise edge-disjoint
cliques in G whose union is the entire edge set E; i.e.; E=E(C1)[E(C2)[  [E(Ck)
where E(Ci) is the edge set of the clique Ci. Let P be a partition of V as V =V1[V2
satisfying jjV1\Cij−jV2\Cijj61 for 16i6k. Then (P)=mc(G) i.e:; P is a partition
which maximizes the cut.
Proof. Let P0 be any other partition of V as V = V 01 [ V 02. Since Ci is a clique and
jjV1 \ Cij − jV2 \ Cijj61 it follows that
jCE(P) \ E(Ci)j = jV1 \ Cij  jV2 \ Cij
> jV 01 \ Cij  jV 02 \ Cij
= jCE(P0) \ E(Ci)j:
The result now follows since E(G) = E = E(C1) [ E(C2) [    [ E(Ck) and (P) =Pk
i=1 jCE(P) \ E(Ci)j and (P0) =
Pk
i=1 jCE(P0) \ E(Ci)j.
Lemma 2. Let G = (V; E) be a graph and Ev denote the edges in E incident at a
particular vertex v 2 V . Then there exists a partition Q of the edge set E of G as
E = E1 [ E2 such that jjE1 \ Evj − jE2 \ Evjj61 8v 2 V . Moreover such a partition
can be obtained in linear time.
Proof (Sketch). Both parts are easily seen by considering the Euler tour of the Eulerian
graph G0 obtained from G by the standard procedure of adding a new vertex that is
adjacent to all edges of odd degree in G. Since the Euler tour can be obtained in linear
time, the desired partition can determined in linear time as well.
Theorem 1. The max-cut problem can be solved in linear time on the class of line
graphs once the line graph model; i.e:; the root graph is given.
Proof. Let G = (V; E) be a graph and let H = L(G) be its line graph. Then the set
of edges incident at any vertex v 2 V in G will induce a clique Cv in the line graph
H . It can be easily shown that these cliques are pairwise edge-disjoint and partition
the edge set of H . Moreover, let Q be the partition of the edge set of G that satises
the requirements of Lemma 2. Then the associated partition P of the vertex set of
H = L(G) into V1 and V2 (Vi consists of vertices corresponding to the edges in Ei for
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i=1; 2) will satisfy the conditions of Lemma 1 and hence we will have (P)=mc(H)
and hence P is a partition that maximizes the cut. Clearly, P can be computed in linear
time since the Euler tour can be obtained in linear time.
Corollary 1. Let G = (V; E); and for v 2 V; let d(v) denote the degree of v; i.e.;
d(v) = jEvj. If H denotes the line graph L(G) of G; then
mc(H) =
X
v2V

d(v)
2

d(v)
2

:
3. Total graphs
Throughout this section, let G = (V; E) be a graph with V = fv1; v2; : : : ; vng and let
di = d(vi), for 16i6n.
Lemma 3.
mc(T (G))6mc(G) +
nX
i=1

di
2

di
2

+ 1

:
Proof. Let P be any partition of V (T (G)) = V [ E into U1 and U2. For 16i6n,
let Ci = fvig [ Evi ; then, each Ci induces a clique of size (di + 1) in T (G) and
E(T (G)) = E [Sni=1 E(Ci). We therefore have
(P) = jCE(P) \ Ej+
nX
i=1
jCE(P) \ E(Ci)j
6mc(G) +
nX
i=1

di + 1
2

di + 1
2

= mc(G) +
nX
i=1

di
2

di
2

+ 1

:
Lemma 4. If G is Eulerian; i.e.; if di is even for 16i6n; then
mc(T (G)) = mc(G) +
nX
i=1

d2i
4
+
di
2

:
Proof. By the previous lemma, mc(T (G)) is bounded above by the quantity on the
R.H.S. For Eulerian graphs G, we prove the R.H.S is also a lower bound for mc(T (G)),
thus implying the result.
Let P1 be any partition of V into V1 and V2 such that (P1) = mc(G), and P2 be
any partition of E into E1; E2 such that, for 16i6n
jE1 \ Evi j= jE2 \ Evi j=
di
2
(di being even, such a partition Q exists by Lemma 2).
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Now, consider the partition Q of V (T (G)) = V [ E into V1 [ E1 and V2 [ E2. Then,
(Q) = jCE(Q) \ Ej+
nX
i=1
jCE(Q) \ E(Ci)j (where Ci = fvig [ Evi)
= (P1) +
nX
i=1
j(V1 [ E1) \ Cij  j(V2 [ E2) \ Cij
=mc(G) +
nX
i=1
di
2

di
2
+ 1

:
Hence mc(T (G))>(Q) = mc(G) +
Pn
i=1(d
2
i =4 + di=2).
Lemma 5. MAX CUT is NP-hard on Eulerian graphs.
Proof. The reduction is from the NP-hard problem MAX CUT on general graphs [4].
Let G = (V; E) be a graph with V = f1; 2; : : : ; ng, E = fei: 16i6mg and let pi; qi be
the two ends of the edge ei.
Dene a Eulerian graph H by joining the ends of each edge of G by a new P4.
More formally, H = (V 0; E0) where
V 0 = V [ fai; bi: 16i6mg;
E0 = E [ f(pi; ai); (ai; bi); (bi; qi): 16i6mg:
H is Eulerian because degH (ai)=degH (bi)=2 for 16i6m, and degH (v)=2degG(v)
for v 2 V .
If Fi=feig[f(pi; ai); (ai; bi); (bi; qi): 16i6mg for 16i6m, then by our construction
of H , it is easy to note that any partition Q of V (H) = V 0 such that (Q) = mc(H)
will satisfy jCE(Q)\Fij=2 or 4 for 16i6m, and there is a one-one correspondence
between maximum cuts of G and those of H dened by
Partition P of V with (P) = mc(G) corresponds to partition Q of V 0 with (Q) =
mc(H) where ei 2 CE(P) i jCE(Q) \ Fij= 4 and ei 62 CE(P) i jCE(Q) \ Fij= 2.
Hence we have
mc(H) = 4 mc(G) + 2(m− mc(G))
= 2(m+ mc(G)):
The result now follows since determining mc(G) is NP-hard and H can be constructed
in polynomial time from G.
Theorem 2. MAX CUT remains NP-hard on the class of total graphs.
Proof. Follows from Lemmas 4 and 5.
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